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Optical networks implementing single-qudit quantum computation gates may exhibit superior
properties to those for qubits as each of the optical elements in the network can work in paral-
lel on many optical modes simultaneously. We present an important class of such networks, that
implements in a deterministic and efficient way the quantum Fourier transform (QFT) in an arbi-
trarily large dimension. These networks redistribute the initial quantum state into the path and
orbital angular momentum (OAM) degrees of freedom and exhibit two modes of operation. Either
the OAM-only QFT can be implemented, which uses the path as an internal auxiliary degree of
freedom, or the path-only QFT is implemented, which uses the OAM as the auxiliary degree of
freedom. The resources for both schemes scale linearly O(d) with the dimension d of the system,
beating the best known bounds for the path-encoded QFT. While the QFT of the orbital angular
momentum states of single photons has been applied in a multitude of experiments, these schemes
require specially designed elements with non-trivial phase profiles. In contrast, we present a different
approach that utilizes only conventional optical elements.
INTRODUCTION
The field of quantum computation has gained ever-
increasing attention thanks to the invention of the quan-
tum factoring algorithm due to Shor [1–3], which utilizes
as its key part a quantum Fourier transform. The quan-
tum Fourier transform (QFT), or quantum Hadamard
gate, has been since then used in many areas of quantum
computation and communication [4] for systems of qubits
as well as high-dimensional qudits. The application areas
of the high-dimensional QFT acting on a single photon’s
state include, but are not limited to, generation of mu-
tually unbiased bases in the quantum state tomography
[5–8] and quantum key distribution [9, 10]; generation
of angular states [11–14]; sorting of spatial modes of a
photon [15]; and representation of multiport devices em-
ployed in Bell test experiments [16]. Single photon’s high-
dimensional QFTs can be also used as building blocks of
programmable universal multi-port arrays [17–19].
The orbital angular momentum (OAM) of single pho-
tons is a quantized property with infinite-dimensional
Hilbert space, which allows for construction of qudits
in arbitrarily high dimension [20–22]. By manipulat-
ing a single photon’s OAM state the universal quantum
computation is possible [23, 24]. The Fourier transform
of the OAM modes of single photons has been demon-
strated in a number of experiments [10, 14, 25–28] us-
ing free-space propagation and specially designed optical
elements imparting non-trivial phase profiles. Alterna-
tive experimental schemes have been presented in special
cases [29].
In this paper we demonstrate a completely different
general approach, which works with in principle 100 % ef-
ficiency for arbitrarily large dimension of the OAM state
of single photons. Our scheme decomposes the Fourier
transform into a series of elementary operations that
can be directly implemented with basic commercially-
available optical elements such as beam-splitters, mirrors
and Dove prisms. Such an explicit decomposition reveals
how individual components participate in the evolution of
different OAM modes and allows for modifications, such
as miniaturization of the setup to a micro-chip level. The
scheme’s implementation is recursive and makes use of an
interplay between the OAM and path degrees of freedom.
The number of beam-splitters required scales linearly in
the dimension O(d), as opposed to O(d log d) scaling of
the setup using path-encoded qudits [30–32]. This is
made possible by the fact that a single passive optical
element can act on many OAM modes at the same time
leading to a heavily parallelized operation of the network
of optical elements. Moreover, the setup for the OAM
Fourier transform can be modified to act as the path-
only Fourier transform. In such a scheme, the OAM is
present only in the inner workings of the transform. This
OAM-enhanced setup preserves the linear scaling of the
number of beam-splitters, which shows a clear advantage
of the present scheme over the setup that uses only the
path degree of freedom.
One of the scheme’s main components is the OAM-
Path swap operator, which interchanges the OAM and
path degrees of freedom of a photon’s state. To the best
of our knowledge, we demonstrate for the first time the
implementation of such an operator in terms of conven-
tional optical elements. The OAM-Path swap represents
a multiport generalization of the OAM sorter and its im-
plementation features efficient deployment of the OAM
parity sorter. Each instance of the parity sorter functions
simultaneously as a series of many conventional beam-
splitters for different OAM modes.
The manuscript is organized as follows. In the first sec-
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2FIG. 1. Circuit representation of the recursive scheme for
the OAM Fourier transform. a) The OAM Fourier transform
acting on d-dimensional OAM space H, which can be decom-
posed into a tensor product of two factor subspaces HO and
HP . b) A circuit equivalent to a), where a dO-dimensional
OAM Fourier transform is applied first, followed by a phase
gate CZ and a dP -dimensional path-only Fourier transform.
The swap operator then exchanges states between the two
subspaces. For details refer to the main text.
tion we present the theoretical background for the con-
struction of the Fourier transform. Then we present the
setup implementing the Fourier transform acting on the
OAM state of single photons. We summarize the prop-
erties of the OAM sorter, a key part of the setup, in the
third section. In the forth section, we demonstrate how
to generalize the OAM sorter into the OAM-Path swap
operator. In the fifth section the scaling of our scheme
is presented. In the sixth section, we discuss the relation
of our scheme to the recursive scheme for the path-only
Fourier transform and summarize our results in the last
section.
FOURIER TRANSFORM
In this section, we present a recursive scheme for the
construction of the Fourier transform acting on the OAM
of a single photon. Suppose the dimension d is a compos-
ite number and the initial OAM state of a photon reads∑d−1
j=0 αj |j〉. The Fourier image of such a state is then a
superposition
∑d−1
k=0 βk |k〉, where coefficients βk satisfy
βk ≡ 1√
d
d−1∑
j=0
ei
2pi
d jkαj . (1)
Our implementation of the Fourier transform is inspired
by the classical fast Fourier transform algorithms, an idea
already applied in the field of quantum information for
the path degree of freedom [31–35].
To implement the d-dimensional Fourier transform in
OAM, we first decompose the total d-dimensional OAM
space of a photon into a tensor product H = HO ⊗HP ,
as shown in Fig. 1 a). There, a dO-dimensional subspace
HO is spanned by a subset of original OAM modes and
HP is a dP -dimensional subspace represented by a path
degree of freedom, such that d = dO × dP . For each
division of dimension d into a pair of smaller dimensions
dO and dP there is a one-to-one correspondence between
an index j ∈ {0, . . . , d− 1} and a pair of numbers (m, l)
with 0 ≤ m < dO and 0 ≤ l < dP such that
|m〉O |l〉P ⇔ |j〉 = |m× dP + l〉 . (2)
The Fourier transform in dimension d is then obtained
in four steps as demonstrated in Fig. 1 b). In the first
step, a dO-dimensional Fourier transform is applied only
on the OAM subspace HO. Then a controlled phase gate
acts on both subspaces, followed by a dP -dimensional
Fourier transform applied only on the path subspace. As
the last step, a swap gate is used, which effectively ex-
changes the OAM and path subspaces. This procedure
can be mathematically summarized by the formula
F
(d)
OAM = SWAP · F (dP )Path · CZ · F (dO)OAM , (3)
where the phase gate CZ acts as a high-dimensional
controlled-Z gate on the OAM degree of freedom
CZ(|m〉O |l〉P ) = (Zl |m〉O) |l〉P = ωm×l |m〉O |l〉P (4)
with ω = exp (2pii/d). The action of the swap on an in-
put mode reads SWAP(|r〉O |q〉P ) = |q〉O |r〉P . Note that
when dO 6= dP the swap operator effectively changes di-
mensions of the two subspacesHO andHP . This imposes
nevertheless no restrictions on our implementation. The
resulting mode |q〉O |r〉P can be now identified with a
single index |k〉 in a way analogous to Eq. 2 as
|q〉O |r〉P ⇔ |k〉 = |q × dO + r〉 . (5)
At the end, one obtains the Fourier image of the OAM
state of a single photon leaving the device along a single
output path. For details see Appendix A.
Even though generalizations of our scheme for an ar-
bitrary dimension d are possible, in the following discus-
sion we consider only dimensions of the form d = 2M for
M ∈ N. The recursive scheme allows us to choose the op-
timal factorization of d into dO and dP in each recursion
and reduce thus the number of experimental components.
The optimal factorization scenario is presented in section
Scaling properties.
IMPLEMENTATION
The general scheme of our implementation of the
Fourier transform is depicted in Fig. 2 a). The scheme
comprises six separate modules, each of which is de-
scribed below.
1. In the first module, the initial d-dimensional OAM
state is split into a superposition of OAM states,
each of which contains smaller number dO of OAM
terms and propagates along one of dP different
paths. This splitting, corresponding to relabeling
3FIG. 2. General scheme of the Fourier transform in the orbital angular momentum (OAM) of single photons. a) The Fourier
transform in dimension d = dO × dP > 2 is constructed recursively making use of Fourier transforms in smaller dimensions
dO and dP . The OAM state of a photon is at first split by an OAM sorter S(dP ) into a superposition of OAM states, each
containing dO modes of the form |0〉, |dP 〉, . . . , |dP (dO − 1)〉 and propagating along one of dP different paths denoted by p0
through pdP−1. The Fourier transform itself is then performed in four steps. The first step consists in application of the
dO-dimensional Fourier transform FOAM on each path. Then a phase gate is applied on all paths, which is implemented by
a series of Dove prisms. In the third step a single dP -dimensional path-only Fourier transform FPath is applied on the path
degree of freedom for all OAM modes. All beam-splitters in the path-only Fourier transform are supplemented by two mirrors
as demonstrated in b). The fourth step is represented by the OAM-Path swap gate. Finally, all states are recombined into a
single output path by the second OAM sorter S−1(dO), which is operated in reverse. b) The building block of the recursive scheme
– Fourier transform for d = 2 – consists of two elementary OAM sorters, and a single beam-splitter that is complemented by
two mirrors such that the OAM value of the incoming modes is not affected by reflection off the beam-splitter’s interface.
|j〉 → |m〉O |l〉P in Eq. 2, is performed by the dP -
dimensional OAM sorter. The structure and oper-
ation of the OAM sorter are described in detail in
the following section.
2. The second module consists of a collection of identi-
cal dO-dimensional OAM Fourier transforms, each
of which is applied onto a different path to imple-
ment F
(dO)
OAM in Eq. 3. The dO-dimensional Fourier
transform itself is constructed recursively following
the same pattern as the one presented in this sec-
tion when one replaces d with the value of dO. The
elementary building block – the Fourier transform
for d = 2 – is depicted in Fig. 2 b).
3. The third module, which represents the phase gate
CZ in Eq. 4, is implemented by a series of prop-
erly rotated Dove prisms, which impart additional
phases to OAM modes passing through.
4. The fourth module comprises a single path-only
dP -dimensional Fourier transform, which performs
transformation F
(dP )
Path in Eq. 3. This transform af-
fects only the path degree of freedom and acts iden-
tically onto each OAM mode. The implementa-
tion of the path-only Fourier transform in terms of
beam-splitters is given in Refs. [31, 32]. To com-
pensate for the OAM inversion |m〉O → |−m〉O due
to reflection off the beam-splitter’s interface, each
beam-splitter in the path-only Fourier transform
has to be complemented by two extra mirrors as
demonstrated in Fig. 2 b).
5. Tha fifth module is the SWAP gate which reorders
the coefficients of the joint OAM-path state such
that the coefficient for mode |m〉O |l〉P becomes
the coefficient for mode |l〉O |m〉P . The swap gate,
whose structure and working principle are one of
the main results of this paper, is described in de-
tail in a separate section. Without the swap gate,
the OAM sorter in the sixth module would also
perform undesirable additional permutation of the
output OAM modes.
6. In the sixth module, all parts of the OAM state
are recombined into a single output path by the
dO-dimensional OAM sorter, which is operated in
reverse. This action corresponds to relabeling in
Eq. 5.
4FIG. 3. OAM Sorter. a) The OAM sorter for a
general dimension dP . All OAM modes from the sub-
space {|0〉 , . . . , |dP − 1〉} get transformed into mode |0〉
propagating in different paths. Modes from subspace
{|dP 〉 , . . . , |2 dP − 1〉} are sorted analogously, but resulting
OAM mode is |dP 〉. This modulo property holds for arbitrar-
ily large OAM values of input modes. b) The binary-tree-
like structure of OAM exchangers with an increasing order
works as a sorter of OAM modes. Here, a specific example
for dP = 8 is shown. c) The OAM exchanger EXk is a com-
position of two holograms and the elementary OAM-parity
sorter [36]. OAM modes that are even multiples of the order
k of the exchanger and enter its upper port leave the output
upper port unaffected. The odd multiples entering the upper
port are rerouted to the lower output port and loose k quanta
of OAM. Other OAM modes that are not multiples of k leave
the exchanger in a superposition of modes and paths. A single
OAM exchanger can thus work as an identity, a switch and a
beam-splitter for different input modes. For modes entering
the lower input port the exchanger works analogously.
It is important to note that OAM modes entering the
lower-dimensional OAM Fourier transforms are of the
form |0〉O, |dP 〉O, . . . , |dP (dO − 1)〉O (in the first re-
cursion), so the difference between two successive OAM
modes, or multiplicity, is dP . This fact has to be reflected
in the order of OAM exchangers (see the next section)
and rotation of Dove prisms in the lower-dimensional
Fourier transforms. Specifically, the order of all exchang-
ers has to be multiplied by dP and the angle of rotation
for all Dove prisms has to be divided by dP (compare also
the form of angle α in Fig. 2). With each recursion the
multiplicity of input modes increases correspondingly.
OAM SORTER
The first stage of the Fourier transform implementa-
tion consists of an OAM sorter. The OAM sorter is a
device that transforms the OAM state of a photon, rep-
resented by a superposition of OAM modes, into a su-
perposition of propagation paths along which the photon
leaves the device [36–40]. For a fixed dimension dP the
sorter sorts input modes |0〉O through |dP − 1〉O, which
enter the first path p0, into separate output paths p0
through pd−1. All such input modes leave the sorter in
OAM mode |0〉O. The propagation of higher OAM modes
is analogous except that the output mode is no longer
zero. It turns out that the input OAM mode |m〉O |0〉P
gets transformed according to relations
S(dP )(|m〉O |0〉P ) =
∣∣∣∣ dP ⌊ mdP
⌋〉
O
∣∣∣∣ m mod dP 〉
P
, (6)
where bxc is the integral part of x ∈ R and S(dP ) de-
notes a dP -dimensional OAM sorter. This modulo prop-
erty of the OAM sorter is summarized in Fig. 3 a) and
corresponds exactly to relabeling introduced in Eq. 2.
The sorter is constructed as a binary-tree-like network of
OAM-manipulating elements in a way shown in Fig. 3 b).
Each of these elements, henceforth referred to as OAM
exchangers, is an interferometric device composed of an
OAM-parity sorter [36, 39] and two holograms, which
shift the OAM value of the input mode [38]. Note that
additional permutation of paths is necessary in Fig. 3 b)
to comply with the order of paths depicted in Fig. 3 a).
The OAM exchanger EXk exhibits three modes of op-
eration based on its order k and on the OAM value and
the input path of the incoming photon, see Fig. 3 c). A
photon in OAM state |mk〉 that enters the upper port of
the exchanger EXk of order k either leaves its upper or
lower output port depending on the parity of m ∈ Z. All
other input OAM modes, which are not multiples of k, are
left in a superposition of both output ports, where OAM
values in the two ports differ by k. A single exchanger
therefore behaves either as an identity, or as a switch, or
as a beam-splitter with varying splitting ratio for differ-
ent OAM modes. This beam-splitter-like property was
first utilized in Ref. [41] for the special case when the
order of the exchanger is k = 2. In this paper we show
that a single exchanger of order k works effectively as
4k different beam-splitters simultaneously. For a more
detailed description of the exchanger refer to Appendix
B.
OAM-PATH SWAP
In the final part of the setup of the Fourier transform,
the swap operator is utilized, whose operation on indi-
vidual modes can be summarized as
SWAP(|m〉O |l〉P ) = |l〉O |m〉P , (7)
5FIG. 4. OAM-Path swap operator. a) The network of OAM
exchangers with increasing orders of the form 2j represents
a naive generalization of the OAM sorter. By propagation
through this network, superpositions of OAM modes and
paths are introduced into the output state as exemplified for
modes |2〉 and |5〉 entering the fifth input port. b) Such an
undesirable behavior can be counteracted by adding a collec-
tion of holo-beam-splitters into the network. The holo-beam-
splitter HBS(α,k) of order (α, k) is a device consisting of a con-
ventional beam-splitter with a splitting ratio αpi/(2k) and two
holograms of opposite values k and −k. For further details
refer to Appendix B. c) The crucial feature of the holo-beam-
splitter is that it effectively shifts the splitting properties of
the OAM exchangers, such that modes |mk + ∆k〉, that would
otherwise leave the exchanger of order k in a superposition,
leave in only one of the two output ports of the exchanger.
d) As demonstrated in the Appendix, the resulting network
implementing the OAM-Path swap comprises the network of
exchangers EdP together with the series of gradually larger
networks Hj of holo-beam-splitters. In the figure a special
case of a swap operator for dP = dO = 8 is shown.
where |m〉O |l〉P denotes OAM mode 0 ≤ m < dO in path
pl. Analogously to the OAM sorter, also the OAM-Path
swap operator exhibits the modulo property for m ≥ dO.
The swap operator can be understood as a generaliza-
tion of the OAM sorter [42]. One could naively expect
that a complete network of OAM exchangers of increas-
ing orders 20 to 2dP−1, example of which for dP = 8 is
shown in Fig. 4 a), works as a swap. Unfortunately, when
an OAM mode is injected to any of the input ports pk
with k ≥ 3, at some point the mode assumes the form
|mk + ∆k〉O with 0 < ∆k < k. From that point on-
ward, all exchangers work as beam-splitters with varying
splitting ratios leading to emergence of superpositions in
the output state. Specifically, for mode |2mk + ∆k〉O
entering the upper port pa of the OAM exchanger EXk
of order k one obtains (omitting a global phase)
EXk(|2mk + ∆k〉O |a〉P ) =
cos
(
pi∆k
2k
)
|2mk + ∆k〉O |a〉P
+ sin
(
pi∆k
2k
)
|(2m− 1)k + ∆k〉O |b〉P , (8)
and analogously for modes |(2m+ 1) k + ∆k〉O and the
lower input port pb.
This undesirable behavior is avoided when we augment
the network with a collection of holo-beam-splitters. A
holo-beam-splitter HBS(α,k) of order (α, k) is a passive
optical device consisting of a conventional beam-splitter
with a splitting ratio αpi/(2k) and two holograms of op-
posite values k and −k. Its operation on modes entering
its upper port is summarized in Fig. 4 b) and its detailed
structure is presented in Appendix B. A crucial observa-
tion is that one can force the OAM exchanger of order
k to work as a mere identity or switch even for modes
|mk + ∆k〉O that are not multiples of k. One can do so
by prepending a holo-beam-splitter of order (−∆k, k) to
the exchanger, as demonstrated in Fig. 4 c) [43]. We ob-
tain transformation rules (again omitting a global phase)
(EXk ·HBS(−∆k,k))(|2mk + ∆k〉O |a〉P ) =
|2mk + ∆k〉O |a〉P , (9)
where analogous relations hold also for modes
|(2m+ 1) k + ∆k〉O and the lower input port pb.
One can stack multiple setups in Fig. 4 c) to create
a larger network. This way we arrive at the setup that
implements an OAM-Path swap operator for general di-
mensions dO and dP . The swap gate consists of a net-
work of exchangers and a series of networks of holo-beam-
splitters of increasing size as shown in Fig. 4 d) for the
case of dP = dO = 8. For the detailed explanation of
the construction and structure of the swap operator refer
to Appendix C. The resulting network works as a proper
sorter for all input ports, where the OAM value of output
modes contains information about the path the original
mode was injected to.
SCALING PROPERTIES
Relation d = dO × dP allows for different values of dO
and dP to be chosen for a fixed dimension d of the input
OAM state. One can search for such a combination of dP
and dO that leads to the lowest number of beam-splitters
6required for implementation of the Fourier transform in
d dimensions. Our simulations show that the optimal
number of beam-splitters scales approximately linearly as
6.1412× d. This optimal scenario tends to prefer choices
with dP ≈ dO. Moreover, already for d = 16 is our
scheme more resource-efficient than an analogous imple-
mentation of QFT in the path-encoding. In Appendix D
the linear scaling is analytically confirmed for a subset of
dimensions of the form d = 22
M
with M ∈ N, for which
dP = dO is used. Note that the logarithmic scaling of the
Fourier transform setup reported in Ref. [24] relates to
the number of elementary gates, not actual optical ele-
ments. When implementing the proposal in Ref. [24] with
beam-splitters, their number scales as O(d(log2(d))
5).
The linear scaling of the whole scheme is made possible
by an efficient implementation of the swap gate, which
requires approximately 3d log2(d)/2 beam-splitters, see
Appendix D. There are alternative brute-force implemen-
tations of the swap gate, but these require asymptotically
larger number of beam-splitters.
OAM VS. PATH
The presented scheme makes use of an interplay be-
tween the OAM and path degrees of freedom to effi-
ciently perform the Fourier transform in the OAM de-
gree of freedom. No other properties, such as the polar-
ization, of incoming photons are affected. Nevertheless,
the scheme can be after slight modification used also as
a path-only Fourier transform, where the OAM degree of
freedom plays the role of an intermediary that does not
appear either in the input or the output state. Specif-
ically, the first part of the recursive scheme, see Fig. 2
a), represented by a series of OAM sorters of decreasing
dimensions, can be removed completely. We are then
left with d input ports. The last part of the scheme
has to be adjusted by removing the very last reverted
sorter and adding a series of additional sorters to obtain
d output ports. This OAM-enhanced scheme of the path-
only Fourier transform shows better scaling properties in
terms of the number of beam-splitters than the scheme
presented in Refs. [31, 32]. The OAM-enhanced scheme
requires O(d) beam-splitters as opposed to O(d log2(d))
beam-splitters of the original scheme with the crossing
point from which OAM-enhanced scheme prevails occur-
ring at d = 8192 = 213. This improvement is made
possible by optimal redistribution of coefficients of the
quantum state between the OAM and path degrees of
freedom.
CONCLUSION
We presented a scheme for an efficient implementa-
tion of the Fourier transform acting on the OAM state
of single photons. Only commercially accessible optical
elements are used in our scheme. An integral component
of the scheme is the OAM-Path swap operator, which
is a generalization of the OAM sorter for multiple input
ports. In its implementation a heavy use is made of non-
trivial parallel operation of OAM exchangers, which are
elementary building blocks of the OAM sorter. A sin-
gle exchanger, a passive element composed among others
of two conventional beam-splitters, can work as many
beam-splitters with varying splitting ratio at the same
time. This property may be used in a more general
framework, where each OAM mode undergoes a differ-
ent complex, yet precisely tailored, evolution by propa-
gating through the identical network of standard optical
elements. Even though algorithms for decomposition of
a general unitary into separate gates for path and OAM
degrees of freedom exist [44–46], our scheme is to our
knowledge the first explicit example of such a network.
The number of beam-splitters required in our scheme
scales as O(d), which is an improvement over the scal-
ing O(d log2(d)) of the Fourier transform setup acting on
path-encoded qudits [31, 32]. Our scheme can be after a
slight modification used also to implement the path-only
Fourier transform while preserving the scaling properties
O(d). The modulo property of the scheme allows one
to use different d-dimensional OAM subspaces, such as
{|−d/2 + 1〉 , . . . , |d/2〉}, which is naturally produced in
the process of parametric down-conversion and which im-
poses less stringent requirements on the precision of the
OAM-manipulating elements.
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APPENDIX A: DECOMPOSITION OF THE
FOURIER TRANSFORM
In this section we prove the validity of the decomposi-
tion formula in Eq. 3 by calculating explicitly the action
of this decomposition on input OAM modes. At first we
relabel the input OAM mode |j〉 in accord with the main
text (cf. Eq. 2) as |j〉 = |mdP + l〉 = |m〉O |l〉P . Then
the application of the OAM Fourier transform on the first
ket yields
|j〉 = |m〉O |l〉P →
1√
dO
dO−1∑
r=0
e
i 2pidO
mr |r〉O |l〉P . (10)
The phase gate multiplies each mode |r〉O |l〉P by
exp (2piirl/d) and the swap gate exchanges the two kets.
After the sequential application of the phase gate, the
path-only Fourier transform, and the swap gate the state
on the right-hand side of Eq. 10 transforms into
1√
dOdP
dO−1∑
r=0
dP−1∑
q=0
e
i 2pidO
mr+i 2pid rl+i
2pi
dP
lq |q〉O |r〉P . (11)
It is easy to see that the exponent simplifies into
2pi
dO
mr +
2pi
d
rl +
2pi
dP
lq ≡ 2pi
d
(mdP + l)(q dO + r)
≡ 2pi
d
jk (mod 2pi), (12)
where we defined |k〉 = |q dO + r〉 = |q〉O |r〉P in accor-
dance with Eq. 5 and we used relation d = dO × dP . As
a result we obtain the transformation rule
|j〉 → 1√
d
d−1∑
j=0
ei
2pi
d jk |k〉 , (13)
which is equivalent to formula in Eq. 1. This completes
the proof.
APPENDIX B: OPTICAL ELEMENTS
The OAM sorter as well as OAM-Path swap consist of
two kinds of passive optical elements—OAM exchangers
and holo-beam-splitters. Their structure as well as op-
eration are depicted in Fig. 5. Whereas the holo-beam-
splitter has a fixed splitting ratio for all OAM modes,
the exchanger splits the incoming OAM modes into the
two output ports according to a splitting ratio that de-
pends on the OAM mode. As a result, a single ex-
changer of order k works as 4k different conventional
beam-splitters with splitting ratios 0, pi/(2k), 2pi/(2k),
. . ., (4k − 1)pi/(2k).
The trivial example of an OAM-Path swap is a sin-
gle exchanger of order k. OAM modes |mk〉 entering its
input port, where mk is a multiple of k, are either not
affected by the exchanger, or rerouted to the other out-
put port. All remaining OAM modes |mk + ∆k〉 with
0 < ∆k < k leave the exchanger in a superposition of
the two output ports. The same exchanger can be used
to reroute such non-multiple OAM modes as well if input
modes are first shifted by −∆k with a hologram as shown
on the left-hand side in Fig. 6 a). In such a case though,
the superpositions are introduced to the multiple OAM
modes instead. As an alternative to such an approach
we note that the composition of an exchanger of order k
and a holo-beam-splitter of order (α, k) with α = −∆k
performs the identical rerouting operation, see Fig. 6 a).
The advantage of the latter approach is that additional
exchangers can be inserted between the two elements.
These additional exchangers can reroute unwanted terms
away from the setup and inject wanted terms in instead.
By using this idea iteratively, the OAM-Path swap oper-
ator can be constructed.
9FIG. 5. OAM exchangers and holo-beam-splitters. a) The
OAM exchanger EXk of order k is an interferometric device
made out of two holograms with opposite values and the OAM
parity sorter [36]. Its operation is captured by the transfor-
mation formulas depicted at the bottom. One exchanger of
order k effectively works as 4k different beam-splitters with
varying splitting ratio for different OAM modes. Note the
reversed order of sine and cosine functions in the formula for
|m, p2〉. b) The holo-beam-splitter HBS(α,k) of order (α, k)
comprises a beam-splitter with splitting ratio αpi/(2k) accom-
panied by two holograms with opposite values k and −k. In
the diagram, the implementation of the variable splitting ratio
beam-splitter is demonstrated with help of two 50:50 beam-
splitters. The operation of the holo-beam-splitter is captured
by the transformation formulas depicted at the bottom.
It is a matter of several simple goniometric transfor-
mations to prove the identities demonstrated in Fig. 6
b), c) and d). These identities will nonetheless greatly
simplify the following discussion of the working principle
of the OAM-Path swap operator.
APPENDIX C: GENERAL STRUCTURE OF THE
OAM-PATH SWAP
To illustrate the operating principle of the OAM-Path
swap for general dimensions dP and dO, let us focus first
on the simplest case with dP = dO = 4, which is depicted
in Fig. 7 a)–d). When the network of OAM exchangers
is used to reroute OAM modes entering different input
ports, undesirable superpositions of modes are created
by higher-order exchangers. All modes entering the first
or the second path are rerouted correctly as in the case
of the OAM sorter. Nevertheless, for all other paths,
the incoming mode leaves the network in a superposi-
tion. Utilizing the observation in Fig. 6 a) we can insert
FIG. 6. Identities for OAM exchangers and holo-beam-
splitters. a) A composition of a holo-beam-splitter of order
(α, k) with α = −∆k and an OAM exchanger of order k effec-
tively works as a single exchanger of order k. This effective ex-
changer either passes on or reroutes OAM modes of the form
|mk + ∆k〉 that enter the upper port, where 0 < ∆k < k is
fixed (and similarly for modes entering the lower port). b) Ex-
changers of order 2k and holo-beam-splitters of order (α, 2n)
commute in a sense shown in the figure for n ≥ m + 1. The
minus sign is present only for the special case of n = m+1. c)
Two pairs of holo-beam-splitters of orders (α, k) and (β, n),
respectively, commute in a sense shown in the figure. d)
Two holo-beam-splitters of orders (α, n) and (β, n), respec-
tively, can be combined into a single holo-beam-splitter of
order (α+ β, n).
holo-beam-splitters as demonstrated in Fig. 7 c) to fix
the undesirable splitting of modes by the last column
of exchangers (see also the previous section). Applying
identity from Fig. 6 b) we can swap the first column
of exchangers with the holo-beam-splitters. This way
we fixed behavior of exchangers for modes entering the
third and forth input ports. Before the addition of holo-
beam-splitters, modes injected into the first and second
port were rerouted correctly. This property would be de-
stroyed had we left the upper holo-beam-splitter in place.
When we remove it and keep only the lower holo-beam-
splitter, we arrive at the setup depicted in Fig. 7 d), that
sorts correctly all OAM modes injected to any of the in-
put ports.
The construction of the OAM-Path swap for general
dimensions is recursive and relies heavily on the property
illustrated in Fig. 6 a). Let us assume for the moment
that dP = dO ≡ d¯. The swap in dimension d¯ = 2M is
constructed from two swaps in dimension d¯/2 = 2M−1
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FIG. 7. The structure of OAM-Path swap operator. a), b) A specific case of a network of OAM exchangers for d¯ = 4
and propagation of OAM modes |2〉 and |3〉 entering the third and forth paths. The OAM modes leave the network in a
superposition. c) When holo-beam-splitters are inserted as suggested in the figure the undesirable splitting of modes is avoided.
d) The first column of exchangers can be swapped with the holo-beam-splitters. Futhermore, the upper holo-beam-splitter can
be removed such that it does not affect modes injected into the first and second port. As a result, we obtain a setup that sorts
correctly all OAM modes injected to any of the input ports. e) The idea of inserting holo-beam-splitters can be generalized to
higher dimensions. We demonstrate the general idea for d¯ = 23. The setup then consists of two setups for d¯ = 4 from d) that
are connected by four exchangers of order 1. Notice also that orders of exchangers and holo-beam-splitters in the two setups
have to be multiplied by two. To comply with the formula in Eq. 7 an additional permutation of paths and a series of properly
rotated Dove prisms are necessary in the final part of the setup. As the last part does not alter the evolution of modes through
the network we omit it in the following. f) The holo-beam-splitters from the d¯/2-dimensional swaps can be moved to the left
thanks to identity in Fig. 6 b). At this point, all OAM modes that enter any of the first d¯/2 = 4 ports are sorted correctly.
For the other four input ports the OAM modes undergo more complex evolution and leave the setup in a superposition. In
analogy to c), appropriately chosen holo-beam-splitters are inserted into the setup to preclude creation of such superpositions.
g) Using identities from Fig. 6 b) and c) all holo-beam-splitters can be aggregated in front of the network of exchangers. h)
Holo-beam-splitters aggregated this way in the first four paths nevertheless negatively affect OAM modes propagating through
these paths. We can remove these holo-beam-splitters to restore the sorting properties of the network for these input paths.
In the case of the last four paths, we can use identity from Fig. 6 d) to merge all holo-beam-splitters originating in the setup
for d¯ = 4 with the aggregated holo-beam-splitters. For d¯ = 4 there is only one holo-beam-splitter. We can merge it with
its neighbour as made clear in the figure. i) This way we obtained the setup for the OAM-Path swap in d¯ = 8. All OAM
modes that enter any of the eight input ports are sorted correctly. We can identify two conceptually different parts of the swap
operator. The network of exchangers, henceforth referred to as an E block and a series of networks of increasing size made out
of holo-beam-splitters, which we refer to as H blocks.
that are connected by a layer of additional exchangers.
For a specific example in d¯ = 8 refer to Fig. 7 e), where
the d¯/2-dimensional swap is presented in Fig. 7 d). All
OAM modes entering first d¯/2 ports are sorted correctly
due to properties of d¯/2-dimensional swaps. Neverthe-
less, modes that are injected into the other d¯/2 ports
leave the network in a superposition of d¯/2 output ports.
The reason is that the layer of additional exchangers adds
one quantum of OAM to such modes and their value is
thus no longer a multiple of the order of exchangers in
the remaining layers. These exchangers then act not as
switches, but rather as genuine beam-splitters.
As follows from Fig. 6 a), the switch-like behaviour
can be restored if specifically chosen holo-beam-splitters
are added to the remaining layers of exchangers, see also
Fig. 7 f). Making use of identities in Fig. 6 b) and c) all
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such holo-beam-splitters can be aggregated at the begin-
ning of the network as shown in Fig. 7 g). At this point,
one has to recall that the holo-beam-splitters were intro-
duced to correctly reroute modes entering last d¯/2 ports.
Modes entering first d¯/2 ports should not be affected by
the additional holo-beam-splitters. All such holo-beam-
splitters are therefore removed from the first d¯/2 paths.
This step is illustrated in Fig. 7 h). To save resources,
one can merge the additional holo-beam-splitters in last
d¯/2 paths with those holo-beam-splitters that are there
due to the d¯/2 dimensional swap. At the end, we ob-
tain the OAM-Path swap in dimension d¯ that correctly
sorts OAM modes injected to any of its d¯ input ports
as shown in Fig. 7 i). The network of exchangers forms
the routing part of the swap operator, which we refer
to as an E block, and the presence of superpositions in
output modes is corrected for by a series of networks of
increasing size made out of holo-beam-splitters. We refer
to these smaller networks as H blocks.
In order for the setup to implement the swap trans-
formation in the sense of Eq. 7, an additional per-
mutation of paths has to be appended to the setup
in each recursion (cf. Fig. 7 e)). This permutation
reroutes modes from paths (p0, p1, p2, . . . , pd¯−1) to paths
(p0, p2, p4, . . . , pd¯−2, p1, p3, . . . , pd¯−1). As the last stage,
a Dove prism rotated through an angle of pi/4 has to
be inserted in each path (in each recursion; compare
again with Fig. 7 e), where two recursions have been ap-
plied). These Dove prisms correct for alternating phases
of modes leaving the network. Let us note that H blocks
can be simplified even more as identity similar to that in
Fig. 6 b) exists for beam-splitters and holograms. This
way, all holograms present in holo-beam-splitters can be
put to the sides of the block, whose middle part is then
formed merely by conventional beam-splitters.
In cases when dO 6= dP one constructs the network
for dimension d¯ = max (dO, dP ) and then uses only first
dP input ports and first dO output ports of the network.
Obviously, some elements then do not enter the evolution
of injected OAM modes and can be removed from the
network with no effect on the swap functionality.
APPENDIX D: SCALING OF THE NUMBER OF
BEAM-SPLITTERS FOR HIGH DIMENSIONS
The number of beam-splitters present in the setup re-
flects the complexity of the interferometric structure of
the setup. In this section we estimate how this number
scales with the dimension of the form d = 22
k
for a spe-
cific choice dP = dO =
√
d. It is not hard to calculate
the number of beam-splitters required to implement the
OAM sorter and path-only Fourier transform in dimen-
sion dP is N
(sort)
BS (dP ) = 2(dP − 1) and N (pFT)BS (dP ) =
dP
2 log2(dP ) [31, 32], respectively. The OAM-Path swap
comprises E blocks with N
(E)
BS (dP ) = dP log2(dP ) and a
series of H blocks, for which we can determine the total
M d dP dO F
(d)
OAM F
(d)
Path
1 2 2 1 5 5
2 4 4 1 16 16
3 8 4 2 40 40
4 16 4 4 88 92
5 32 8 4 184 204
6 64 16 4 380 444
7 128 32 4 780 956
TABLE I. Exact numbers of beam-splitters necessary to im-
plement OAM Fourier transform F
(d)
OAM for several lowest di-
mensions of the form d = 2M with corresponding dP and
dO as determined by the optimization procedure. For com-
parison, the brute-force approach that consists in using the
path-only Fourier transform F
(d)
Path as given in Refs. [31, 32]
supplemented with two OAM sorters is also presented.
number of beam-splitters as
N
(H)
BS (dP ) =
log2(dP )−1∑
k=1
2k
2
log2(2
k) =
dP
2
log2(dP )−dP+1.
(14)
The number of beam-splitters implementing the OAM-
Path swap in dimension dP is therefore N
(swap)
BS (dP ) =
N
(E)
BS (dP ) + N
(H)
BS (dP ) =
3
2dP log2(dP ) − dP + 1. The
number of conventional beam-splitters required in our
implementation of the Fourier transform for dimensions
of the form dk := 2
2k (
√
d = dk−1) is thence
N
(FT)
BS (dk) = 2N
(sort)
BS (dk−1) +N
(pFT)
BS (dk−1) +
+ N
(swap)
BS (dk−1) + dk−1 N
(FT)
BS (dk−1)
= 2dk−1 log2(dk−1) + 3dk−1 − 3 +
+ dk−1 N
(FT)
BS (dk−1). (15)
The last recursive relation can be solved when we define
ck := 2 dk log2(dk) + 3dk − 3 such that
N
(FT)
BS (dk) = ck−1 + dk−1 N
(FT)
BS (dk−1)
=
k∑
j=2
k−1∏
l=j
dl
 cj−1 +(k−1∏
l=1
dl
)
N
(FT)
BS (d1)
=
k∑
j=2
22
k−2jcj−1 + 22
k−2N (FT)BS (d1)
= 2dk
k−1∑
j=1
2j
22j
+ 3
(
dk
4
− 1
)
+
dk
4
N
(FT)
BS (d1).
We can bound the sum in the previous formula as
k−1∑
j=1
2j
22j
≤
k−1∑
j=1
2j
22j
≤
∞∑
j=1
1
2j
= 1, (16)
and also directly calculate N
(FT)
BS (d1) = 16 so that in the
end we arrive at
N
(FT)
BS (dk) ≤ 7dk. (17)
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For the overall scaling of the Fourier transform in di-
mension d = 22
k
as given in this paper we therefore ob-
tain
N
(FT)
BS (d) ∼ O(d). (18)
The exact total numbers of beam-splitters required by
our scheme are shown in Tab. I for several lowest dimen-
sions of the form d = 2M . Optimal choices of dP and dO
for these dimensions were found by an optimization algo-
rithm that searched for a setup with the lowest number
of beam-splitters when a given dimension d was fixed.
The brute force approach for the implementation of
the OAM Fourier transform is to use a d-dimensional
OAM sorter to transform the OAM state of a photon
into the path encoding; then apply the path-only Fourier
transform; and in the end apply another d-dimensional
OAM sorter operated in reverse. For comparison, the
number of beam-splitters required in such a brute-force
approach are also shown in Tab. I.
